Natural convection is of great importance in many engineering applications. This paper presents 
Introduction
Natural convection heat transfer in an enclosed space is an important phenomenon in many 2 thermal engineering applications, such as heat exchanges, solar collect-receivers, and heating or cooling systems. Natural convection is also a fundamental problem in fluid mechanics. As a typical example, the natural convection in a horizontal cylindrical annulus has been studied experimentally and numerically for several decades [1, 2] . Early studies on natural convection between horizontal concentric cylinders experimentally measured the heat transfer coefficients [3] [4] [5] [6] and proposed several corresponding correlations [7, 8] . Kuehn and Goldstein [2] experimentally studied the influence of eccentricity on natural convection heat transfer in horizontal cylindrical annuli. Their results showed that the change of eccentricity changed the local heat transfer coefficient significantly while the overall coefficients changed less than 10 percent. Kuehn and Goldstein [1] also studied temperature distributions and local heat transfer coefficients for natural convection with in a horizontal annulus experimentally and numerically.
They applied a finite difference method to solve the governing equations. The numerical solutions not only agreed with their experimental results but also extended their investigation to lower Rayleigh numbers.
With the development of computational fluid dynamics methods in recent years, the numerical simulation is used more and more to study natural convection between horizontal annuli. The first numerical study was conducted by Crawford and Lemlich [9] , who rewrote the differential equations as finite difference equations to solve the problem. The finite difference method was also applied by Kuehn and Goldstein [1, 10] and Cho et al. [11] natural convection heat transfer in horizontal cylindrical annuli. Zhao and Zhang [12] proposed an unstructuredgrid upwind finite-volume method and validate their method by simulating natural convection flows in eccentric annuli. Shu et al. [13] studied natural convection heat transfer in a horizontal eccentric annulus between a square outer cylinder and a circular inner cylinder using differential quadrature method. Abu-Nada [14] investigated the heat transfer enhancement of nanofluid in horizontal annuli using finite volume method. Ashorynejad et al. [15] studied the effect of static radial magnetic field on natural convection in a horizontal cylindrical annulus filled with nanofluid using lattice Boltzmann method. Liang et al. [16] validated their moving particle semi-implicit method by modeling natural convection heat transfer between concentric 3 cylinders.
Natural convection heat transfer in a horizontal cylindrical annulus can be characterized by two dimensionless parameters: the Rayleigh number Ra and Prandtl number Pr, which are defined as 3 
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where g is the modulus of gravitational acceleration, β is the thermal expansion coefficient of the fluid, L is the gap between the cylinders, ΔT is the temperature difference between the cylinders, ν is the kinematic viscosity of the fluid, and α is the thermal diffusivity of the fluid.
The Prandtl number is the ratio of viscous diffusivity to thermal diffusivity. The Rayleigh number can be thought of as the ratio of the gravitational potential energy to the energy due to viscous dissipation and thermal diffusion [17] . According to Kuehn and Goldstein [1] , the flow in a horizontal cylindrical annulus is steady over the range of Rayleigh number from 10 and Prandtl number from 0.01 to 10. A secondary objective is to present an alternative smoothed particle hydrodynamics (SPH) method for modeling natural convection flows. The SPH method is a Lagrangian meshfree particle method, which was first proposed to model astrophysical problems [19, 20] . Later, it was used to simulate fluid problems [21] [22] [23] and fluid-structure interactions [24] [25] [26] without considering heat transfer. In recent years, it was extended to fluid problems considering heat transfer. Cleary [27] presented an SPH method with Boussinesq 4 approximation for simulating convective heat transfer. Szewc et al. [28] developed a variant of SPH method for natural convection flow, which did not apply the classical Boussinesq approximation. Yang and Kong [29] proposed an SPH method for evaporating flows in which heat transfer is of great importance.
The following of this paper is organized as follows. Section 2 gives the numerical method, 
Methodology
For viscous flow with natural convection heat transfer, the Lagrangian form of the conservation equations of mass, momentum and energy are used:
where ρ is the fluid density, u is the fluid velocity, p is the fluid pressure, and µ is the dynamic viscosity of the fluid, T is the fluid temperature, C p is the specific heat at constant pressure, and κ is the thermal conductivity of the fluid. According to the Boussinesq approximation, the body force due to the change of density in a temperature field can be calculated as
where g is the gravitational acceleration, β is the thermal coefficient of volumetric expansion of the fluid, and T r is the reference temperature.
The SPH method is a Lagrangian particle method for solving differential equations. This is 5 why the governing equations is written in Lagrangian form. In SPH, the interpolated value of a
where the subscripts a and b denote particles, m is the mass of a particle, W is a kernel function, h is a smoothing length used to control the width of the kernel. The summation is taken over all particles. However, due to the width of the kernel function, the summation is only over near neighbors.
To avoid the so-called tensile instability in SPH [30] that may occur in fluid simulations, the following hyperbolic-shaped kernel function in two-dimensional space is used [31, 32] 
where s = r/h.
The gradient of the function f can be obtained by
This is the basic form of gradient. There are several other variants which can be found in Ref. [33, 34] .
Using the particle summations formulas of a function and its derivatives, the governing equations (2)- (4) can be discretized into the following form
where the subscripts a and b denote SPH particles, m is the mass of a particle. 
where c is a numerical speed of sound and ρ r is a reference density.
For SPH simulation, the density and pressure fields may undergo large fluctuations numerically. In order to reduce the fluctuation, the Shephard filtering [36] is applied to reinitialize the density field every 20 time steps.
Validation
A schematic diagram of the cross section of a horizontal annulus is shown in Fig. 1 
In the annulus, the hot fluid tends to move up while the cold fluid tends to move down because of the body force due to the change of fluid density in a temperature field. As shown in Fig. 2 , the temperature of the fluid near the hot inner boundary is higher than that near the cold outer boundary, thus the hot fluid moves up along the inner boundary and forms a plume at the top center part of the annulus, while the cold fluid moves down along the outer boundary to the bottom. It can be seen in Fig. 2 that the SPH simulation agrees well with the experiment [1] and CVFEM simulation [37] . A quantitative comparison of temperature profiles between SPH simulation and experiment [1] is shown in Fig. 3 . They reach a good agreement in different directions from top to bottom.
The SPH simulation is valid at not only low but also high Rayleigh numbers. Fig. 4 compares the interferograms from experiments [2] and the isotherms from SPH simulations at three different Rayleigh numbers higher than that of the previous case. It can be seen in Fig. 4 that unstable state with n (n > 1) plumes.
Conclusions
This paper studied the natural convection states in a horizontal concentric cylindrical annulus using SPH method. A series simulations were conducted in the range of Rayleigh Prandtl and Rayleigh numbers. At high Prandtl numbers, the flow instability is mainly at the top area of the annulus. As the Prandtl number decreases, the unstable area increases.
